
0927-796X/98/$19.00 q 1998 Elsevier Science S.A. All rights reserved.
PII S0927- 796X (98 )00009 -6

Monday May 18 10:08 AM StyleTag -- Journal: MSR (Materials Science and Engineering) Article: 222

Materials Science and Engineering, R23 (1998) 41–100

Theory of sintering: from discrete to continuum

Eugene A. Olevsky *
Institute for Mechanics and Materials, University of California, San Diego, 9500 Gilman Drive, La Jolla,
CA 92093-0404, USA

Received 15 July 1997; accepted 17 November 1997

Abstract

Theoretical concepts of sintering were originally based upon ideas of the discrete nature of particulate
media. However, the actual sintering kinetics of particulate bodies are determined not only by the properties of
the particles themselves and the nature of their local interaction with each other, but also by macroscopic factors.
Among them are externally applied forces, kinematic constraints (e.g. adhesion of the sample’s end face and
furnace surface), and inhomogeneity of properties in the volume under investigation (e.g. inhomogeneity of
initial density distribution created during preliminary forming operations). Insufficient treatment of thequestions
enumerated above was one of the basic reasons hindering the use of sintering theory. A promising approach is
connected with the use of continuum mechanics, which has been successfully applied to the analysis of
compaction of porous bodies. This approach is based upon the theories of plastic and nonlinear-viscous
deformation of porous bodies. Similar ideas have recently been embodied in a continuum theory of sintering.
The main results of the application of this theory for the solution of certain technological problems of sintering
are introduced including their thermo–mechanical aspects. q 1998 Elsevier Science S.A. All rights
reserved.
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1. Introduction

Sintering is one of the most important technological processes in the powder metallurgy and
ceramic industries. A rational theory of sintering should predict the routes of production of the required
structure of a sintered body in order to provide its physico–chemical and physico–mechanicalproperties
which are determined by this structure.

Theoretical concepts of sintering were originally based upon ideas of a discrete organization of
porous media. Sintering was considered as the collective result of thermally activated adhesion proc-
esses which produce the growth of contacts between particles and their coalescence. An orientation
toward study of the mechanisms of interparticle interaction was characteristic for many of the elaborated
approaches in the theory of sintering. Thus, these approaches were directed toward investigation of
the local kinetics of the process. Data obtained on the basis of these conceptions were usually gener-
alized as the behavior of a macroscopic porous body. At this juncture, important regularities of sintering
kinetics, contact formation and driving force nature have been clarified to a large degree [1–17]. The
results obtained have been embodied in a number of kinetic relationships describing densification
under free sintering. These relationships include characteristics of structure morphology, physical and
mechanical properties of porous material.

However, the sintering kinetics of real porous bodies are determined not only by the properties
of the powder particles and the nature of their interaction, but also by macroscopic factors. Among
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them are kinematic constraints (for example, adhesion of porous sample’s end face and furnace
surface), externally applied forces and, also, inhomogeneity of properties in the volume under inves-
tigation (for example, inhomogeneity of initial density distribution caused by preliminary pressing of
the porous sample).

Insufficient treatment of the questions enumerated above was one of the basic reasons hindering
the use of sintering theory. It is obvious that the indicated problems can be solved only in terms of a
macroscopic description, which should be based upon concepts which differ in principle from those
of local analysis.

These problems with implementation of theoretical ideas into sintering practice can be a reason
for the limited number of monographs dedicated exclusively to sintering [18–27]. (Apparently, a
recent publication of German [27] is the only example of an extended monograph comprising both
theoretical concepts and practical aspects of sintering.)

A promising approach is connected with the use of continuum mechanics, which has been
successfully applied to the description of compaction of porous bodies and which is based upon the
theories of plastic deformation of porous bodies [28–39].

This approach formed a scientific direction which can be designated as a continuum theory of
sintering [40–145] (related references include both continuum models and close rheological con-
cepts). This approach is also based upon theories of nonlinear-viscous deformation of porous bodies
[146–165] which are extensively used in continuum models of sintering under pressure.

Among the earlier models, the rheological theory of sintering [19] was the closest to this direction.
One of the most characteristic phenomena inherent in sintering is a change of dimensions of a porous
body. This enables analysis of sintering as a macroscopic process of volume and shape deformation
caused by substance flow of the porous body skeleton. In this sense, sintering can be treated as a subject
of rheological investigation [19].

In essence, Frenkel [1] was the first to implement the rheological approach for sintering. The
relationship determining sintering kinetics, was derived by Frenkel on the basis of the analysis of two
model problems: joint sintering of two equal spherical particles and shrinkage of a spherical pore in
an infinite viscous medium.

These ideas were amplified and further developed by Mackenzie and Shuttleworth [6]. They
elaborated a method of macroscopic description of sintering as a uniform overall compression of a
porous medium characterized by two moduli of viscosity. Mackenzie derived the relationships of the
porosity dependence for these moduli.

A complete thermodynamically grounded rheological theory of sintering was built by Skorohod
[19]. The Skorohod’s book Rheological Basis of the Theory of Sintering [19] was published in 1972
in Russian and is, unfortunately, almost unknown to the English-reading audience. In the book, the
theory of sintering of powder materials is sequentially formulated. The theory is based upon the
phenomenological concept of the generalized-viscous flow of porous bodies. Here, one can find the
derivation (based upon the stochastic approach) of the relationships for the dependencies of rheological
parameters (such as bulk, shear viscosities and effective sintering stress) of porosity and the solution
of the problem of the deformation of a viscous porous body under sintering simultaneous to a uniaxial
loading. The book also contains an analysis of the main molecular mechanisms of the viscous flow of
real amorphous and crystalline bodies, the kinetics of interparticle contact growth and models of non-
isothermal sintering and sintering accompanied by heterodiffusion.

Independently this direction was developed by Scherer [40] who introduced a model of viscous
sintering of amorphous (glass) materials based upon the idea of cylindrical shaped powder particles.
Scherer derived the kinetic equations for the rate at which a cubic array of cylinders densifies by
viscous flow driven by surface energy reduction. For sintering under pressure, the constitutive equations
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are based upon the analogy with thermoelasticity. Herewith, the strain rate of sintered material is
represented as a sum of free sintering and viscous material response items. A linear-viscous character
of this model should be noted. A development of the rheological concepts further led to the creation
of the above-mentioned continuum theory of sintering.

The present review is dedicated to the description of the basic ideas and results obtained in the
framework of this scientific direction which has been intensively developed since the mid-1980s.

Statistical data on the number of publications related to sintering in general and related to the
continuum modeling of sintering are represented in Fig. 1.

While the constitutive relationships and the calculation results, represented in the review, assume
viscous or plastic mechanisms of material flow under sintering, the thermodynamical basis of the
represented continuum theory of sintering is the same for other possible mechanisms (see, for example,
Ref. [125]).

This review is organized as follows.
Section 2 includes the description of the phenomenological model of sintering based upon the

ideas of thermodynamics of irreversible processes. Here three cases are considered: linear-viscous
incompressible material with voids, incompressible non-linear-viscous material, and nonlinear-viscous
porous material. Dependence of the constitutive parameters of porosity (bulk and shear viscosity
moduli and effective Laplace (sintering) stress) are analyzed in Section 3. In Section 4, the solution
to the problem of sintering combined with uniaxial loading (sinter-forging and sinter-tension) is
represented. In Section 5, the effect of the strain rate sensitivity on the kinetics of sintering is analyzed.
Effect of porous structure topology is considered in Section 6. Here, two factors are studied: pore size
distribution and pore shape. In Section 7, the evolution of inhomogeneous density (porosity) distri-
bution during sintering is analyzed for certain simple and complex-shaped porous bodies. The direc-
tions of further development are represented in Section 9.

2. Phenomenological model of sintering

The following is a formulation of the continuum theory of sintering of porous viscous materials.
A porous medium is considered as a two-phase material including the phase of substance (‘porous

body skeleton’) and the phase of voids (pores). The skeleton, in turn, can be a multiphase material.
The skeleton is assumed to be made of individual particles having in general nonlinear-viscous
incompressible isotropic behavior. The voids (pores) are isotropically distributed. The overall response
is therefore isotropic.

The free energy F per unit mass of porous medium is, by hypothesis, a function of the absolute
temperature T and of the specific volume q

FsF(T,q) (1)

with

1
qs (2)

r̂

where is the volumetric mass of porous material.r̂

The second law of thermodynamics can be expressed in terms of the Clausius–Duhem inequality:

˙ ˙ˆ ˆ˙s :´ yrFyrSTG0 (3)ij ij
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Fig. 1. Publications related to sintering (source: World Science Citation Index). (a) Absolute number of publications. (b)
Normalized number of publications on continuum modeling of sintering (with respect to the total number of publications
related to sintering).

sij and are the Cauchy stress tensor and the strain rate tensor, respectively; S is the entropy per˙́ ij



unit mass, ‘.’ represents the material time derivative.
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Introducing Eq. (1) into Eq. (3), we obtain

B E B E≠F ≠F ˙ˆ˙s y d ´ yr qS TG0 (4)C F C Fij ij ij
≠q ≠TD G D G

where dij is the Kronecker symbol.
In deriving the latter equation, we have used the following result:

˙ ˆq ṙ
˙sy s´ (5)iiˆq r

The second part of Eq. (5) comes from mass conservation.
Note that, for a viscous material, sij and S depend on the strain rate but not on T. Therefore,˙́ ij

˙
since Eq. (4) holds for any T, we have:˙

≠F
Ssy (6)

≠T

and Eq. (4) reduces to the following dissipation inequality:

˙(s yP d )´ G0 (7)ij L ij ij

where we have defined the effective Laplace pressure (sintering stress) by:

H H
H H≠F
H HP s (8)L H H
≠qH HT

The condition (Eq. (7)) is in particular satisfied if there exists a dissipative potential D defined
as a homogeneous function of order mq1 of the strain rate (see below), such that:˙́ ij

≠D
s yP d s (9)ij L ij ˙≠´ij

Note that the dissipation inequality is satisfied as a consequence of the Euler identity:

≠D
˙́ s(mq1)DG0ij ˙≠´ij

In general, D is also a function of the specific volume q or, equivalently, a function of the porosity
u defined as a ratio of the volume of pores and the total volume:

Vpores
us (10)

Vtotal

To have some understanding of the effect of the porosity on the overall response, we consider
different model materials.

2.1. Linear-viscous incompressible material with voids

We consider first the case of a linear-viscous incompressible fluid containing isotropically
distributed voids. The overall behavior is isotropic.
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The dissipation potential in this case is:

12 2Dshg q ze (11)
2

where h and z are the effective shear and bulk moduli. The following notations are used:

x˙ ˙gs ´ 9´ 9 (12)ij ij

˙ ˙estr´s´ii

where is the deviator of the strain rate tensor, and e is the shrinkage rate defined by Eq. (5).˙́ 9ij

In Section 3, it is shown that:

hswh (13)0

zs2ch 0

with

2ws(1yu) (14)

32 (1yu)
cs

3 u

Note that h and z are only dependent on the shear modulus ho of the porous body skeleton
(incompressible fluid).

Using Eq. (13), the potential D can be expressed as:

2Ds(1yu)h W (15)o

with

2 2wg qce
Ws (16)y 1yu

defining an equivalent strain rate.
From Hill’s identity we have:

DsNdM

where d is the microscopic dissipative potential and NM designates the volume average over the porous
material.

Since ds0 in the pores, we have:

2Ds(1yu)NdM s(1yu)h Ng Mskeleton o skeleton

From Eq. (15) it follows that:

2xWs Ng M (17)skeleton

The constitutive law is given by Eqs. (9) and (15):

˙s s2h (w´ 9qced )qP d (18)ij o ij ij L ij

providing that:
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≠W 1
˙s (w´ 9qced ) (19)ij ij˙≠´ (1yu)Wij

From Eq. (18) we have:

1
ps trss2h ceqP (20)o L3

and

xts s 9s 9s2h wg (21)ij ij o

where sij9 is the deviatoric stress tensor.
Substituting into Eq. (16) e and g from Eq. (20), Eq. (21), we have:

2 21 1 t (PyP )LWs q (22)y2h w cxo 1yu

Defining an equivalent stress s as:
2 21 t (PyP )L

ss q (23)y w cx1yu

Eq. (22) can be written as:

ss2h W (24)o

2.2. Incompressible nonlinear-viscous material

The second example considered is an incompressible material (us0).
From Eq. (14) we have w™1 and c™` when us0.
Because of the matrix incompressibility, we have e™0. It can be demonstrated in general

that ce2™0. Therefore, W™g and the dissipative potential of a linear-viscous fluid is derived from
Eq. (15):

2Dsh g (25)o

An extension into nonlinear-viscous behavior is obtained by considering the following dissipation
potential:

A mq1Ds g (26)
mq1

where m is the strain rate sensitivity and A is a material parameter depending in general on the
temperature.

The deviatoric stress is obtained from Eq. (9):

≠D mq1˙ ˙ ˙s 9s sAg ´ , (´ s´ 9) (27)ij ij ij ij˙≠´ij

and we have with the definition (Eq. (21)) of t:
mtsAg (28)
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When m varies from ms1 to ms0, the material response is transferred from that of a linear-
viscous incompressible fluid to that of a rigid perfectly plastic incompressible material. With ms1,
we have the dissipation of a linear-viscous fluid:

A 2Ds g (29)
2

with viscosity hosA/2. When m™0, it can be seen from Eq. (28) that at the limit, the behavior of a
perfectly plastic material is obtained with shear yield stress A/62.

2.3. Nonlinear-viscous porous material

From the foregoing consideration, a general framework can be proposed that provides the con-
stitutive law for a nonlinear-viscous porous material.

Using a power-law dependence, the dissipation potential of a porous material can be represented:

A mq1Ds (1yu)W (30)
mq1

Assuming that the material in the matrix is incompressible and nonlinear-viscous with potential:

A mq1D s g ,matrix mq1

for us0 we have Wsg, and the potential (Eq. (26)) of an incompressible nonlinear-viscous material
is obtained. For ms1, we have the potential of a linear-viscous porous material (As2ho).

Using Eqs. (9) and (30), we obtain the following constitutive law:

my1 ˙s sAW (w´ 9qced )qP d (31)ij ii ij L ij

from which we have:
my1tsAwW g (32)
my1psAcW eqPL

Extracting g and e and substituting into Eq. (16) leads to the following relationship between the
equivalent stress s and the equivalent strain rate W:

mssAW (33)

Note that the form of expression (Eq. (33)) coincides with the form of relationship (Eq. (28))
obtained for the incompressible matrix material.

The next step is a generalization of the relationship (Eq. (33)) between equivalent stress and
equivalent strain rate:

sss(W) (34)

where s(W) is an arbitrary function of W.
In this general case, the constitutive relationship for a nonlinear-viscous porous material can be

represented in the form:

s(W)
˙s s (w´ 9qced )qP d (35)ij ii ij L ijW
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The relationship (Eq. (35)) is the basic constitutive expression for the continuum theory of
sintering. It can be demonstrated that this relationship can be used for the description of a wide range
of possible processes of powder treatment. The left-hand part of this equation (sij) corresponds to
externally applied stresses. The first term of the right-hand part is the material˙[s(W)/W(w´ 9qced )]ii ij

resistance, and the second term of the left-hand part (PLdij) corresponds to the influence of capillary
stresses (sintering factor). In cases when (i) externally applied (sij) or (ii) capillary stresses (PL)
are equal to zero, Eq. (35) describes (i) free sintering or (ii) treatment by pressure without sintering,
respectively. If all the terms are represented, (sij/0, PL/0) Eq. (35) describes sintering under
pressure.

From Eq. (35) we have:

s(W)
ts wg (36)

W

s(W)
ps ceqPLW

From Eq. (36) one can obtain an important relationship between the invariants of stress–strain
rate state:

(pyP )wgstce (37)L

3. Dependence of the constitutive parameters on porosity

This problem is a particular case of the determination of effective properties for a heterophase
body. For porous materials, a considerable amount of work has been carried out by many authors (see,
for example, for linear-viscous materials Refs. [19,66,67,71,86,103,104] and, for materials with
power-law creep properties, Refs. [101,157,159,160]). As an example, the expression for the nor-
malized bulk modulus c derived by some authors both for linear-viscous and for power-law constitutive
properties of the porous body skeleton are represented in Fig. 2.

Below, an approach for the determination of the bulk and shear viscosity moduli, suggested by
Skorohod [19], is described.

3.1. Derivation of the expressions for the normalized shear and bulk viscosity moduli for porous
material (determination of the functions w(u) and c(u))

From this point on a hydrodynamic analogy of the theory of elasticity is employed. The latter
means that due to a similarity between the constitutive equations describing the behavior of linear-
viscous and linear-elastic materials, a corresponding problem can be solved assuming elastic properties
of the material and the results obtained can be interpreted in the framework of linear-viscous
formulation.

3.1.1. Determination of the normalized shear modulus (w(u))
Consider the porous medium as a two-phase material of the matrix type. The incompressible

elastic matrix corresponds to a substance, and the second phase (inclusions) corresponds to voids.
For a small concentration of spherical inclusions (u<1), one can use a formula known from

mechanics of composite materials: 1

1 See, for example, R.M. Christensen, Mechanics of Composite Materials, John Wiley and Sons, 1979.
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Fig. 2. Expressions for the bulk viscosity and the effective Laplace pressure as functions of porosity (b and u0 are material
parameters related to the grain size and porosity of a loose powder, respectively) and the comparison of sintering kinetics
for different models and the experiment of Rahaman and De Jonghe [166]. For all the models, Ashby expression for the
effective Laplace pressure was used, for Skorohod’s model—the expression derived by Skorohod [19].

5
msm 1y u (38)o ž /3

where mo is the shear elastic modulus of the matrix, and m is the effective shear elastic modulus for a
porous material.

For shear viscosity of a porous material, by hydrodynamic analogy, one can write:

B E5
hsh 1y u (39)C Fo 3D G
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Fig. 3. Representative element for the determination of the bulk modulus.

To expand the above-mentioned result for the range of larger porosities, following Skorohod
[19], one can use a method of differential scheme.

Let us represent the dependence (Eq. (39)) in a differential form:

5
dhsy h du (40)o3

In accordance with the method of differential scheme, the shear viscosity of the fully-dense
material has to be substituted by the effective viscosity of the porous material and differential of
porosity is given by the substituting expression: du/(1yu). Then we obtain:

5 du
dhsy h (41)

3 1yu

Integrating, we derive:
5/3hsh (1yu) (42)o

Solving the same problem for cylindrical pores and comparing the results, Skorohod [19] deter-
mined the following approximation for the shear modulus:

2hsh (1yu) (43)o

Comparing Eqs. (13) and (43), we obtain the first expression in Eq. (14).

3.1.2. Determination of the normalized bulk modulus (c(u))
First, let us consider the case of small porosity (u<1). Assume that distances between pores are

much larger than their size. We can consider a representative element—a spherical pore which is
surrounded by a layer of an incompressible elastic substance (see Fig. 3).

If R1 is the pore radius, and R2 is the radius of the whole element, than the following condition is
valid:

3R1 su (44)3R 2

Assume that an external pressure P is applied at the surface of the representative element. Then,
solving the corresponding elastic problem, one can find the displacement u2 of the external boundary
of the representative element:
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3PR R PR (u)1 2 2u sy sy (45)2 3 3(R yR )4m 4m 1yu2 1 o o

A mean radial deformation of the representative element can be written:¯́ r

u P u2¯́ s sy (46)r R 4m 1yu2 o

Considering the representative element as a compressible body with the bulk modulus K, one can
write:

P
¯́ sy (47)r 3K

From Eqs. (46) and (47) we obtain:

4 1yu
Ks m (48)o3 u

For a linear-viscous body, the corresponding relationship can be represented:

4 1yu
zs h (49)o3 u

where z is the bulk viscosity for the porous material.
The expression (Eq. (49)) was obtained by Mackenzie and Shuttleworth [6].
Let us consider a body with arbitrary porosity. Using the self-consistent approach, we can consider

each pore as a spherical cavity in a compressible substance with elastic moduli K and m.
If a pressure P is applied at infinity, then the displacement u1 at the pore boundary is [19]:

B E1 1
u sPR q (50)C F1 1 3K 4mD G

The mean volume deformation of the pore can be written:

B Eu 1 31¯3´ s3 syP q (51)C Fr R K 4m1 D G

As the substance is considered to be incompressible, the mean volume deformation of the porous
body should be equal to a sum of the volume deformations of all the pores, i.e.:

B EDV P 1 3
sy syP q u (52)C F

V K K 4mD G

From the latter expression we obtain:

4 1yu
Ks m (53)

3 u

And for a linear-viscous material:

4 1yu
zs h (54)

3 u

which is an evident generalization of Eq. (49).
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Substituting the expression (Eq. (43)), obtained for the shear modulus h, into Eq. (54), we
have:

34 (1yu)
zs h (55)o3 u

Introduce the following designations:

zs2h c (56)o

32 (1yu)
cs

3 u

3.2. Derivation of the expression for the effective Laplace pressure (sintering stress)

At the microscopic level, the determination of local capillary stresses is important (acting at the
surface of one pore or particle). A substantial number of publications is dedicated to this topic, see
Refs. [167–204].

In the framework of the continuum theory of sintering, the effective Laplace pressure (sintering
stress) defined by Eq. (8) corresponds to the result of the collective action of local capillary stresses
in a porous material. The relationship between the effective and local Laplace pressure depends on the
procedure of averaging of the above mentioned local stresses over a macroscopic porous volume.

A question of the determination of the effective Laplace pressure (‘sintering stress,’ ‘sintering
potential,’ ‘sintering (driving) force’) has been studied by many authors [10,19,43,44,49,51,57,59,
64,66,69,74,81,86,101,105,107,116,117,125,127,131–133,143,205–213]. The expressions for the
normalized effective Laplace pressure obtained by different authors are represented in Fig. 2.

Coble [10] constructed a model for sintering of a porous material comprising cylindrical voids.
The sintering rate was taken to be proportional to the pore surface area and to the driving force for
sintering which was derived entirely from the cylindrical pore curvature. At the same time, experi-
mentally the driving force for sintering was analyzed by Lenel et al. [205].

Skorohod [19] suggested a stochastic approach for determination of the effective Laplacepressure
(see below).

Gregg and Rhines [206] introduced the term ‘sintering force’ which refers to the force necessary
to just stop the sintering contraction along one axis of the sintered body. The experiments on sintering
of copper powders showed the increase of sintering force with density up to 95% of the relative density
and the decrease of the sintering force for densities higher than 95%.

Beere [207] determined the ‘driving force for sintering’ as the difference in vacancy concentra-
tions at the pore surface and the grain boundary. The sintering force in this model can be expressed as
a function of porosity through the dependence between pore volume fraction and dihedral angle
between grain surfaces. The expressions for the sintering force were obtained for the volume and grain
boundary diffusion mechanisms. Here the sintering force is inversely proportional to the grain size.

Bordia and Scherer [81] demonstrated that, for linear-viscous models, the effective Laplace
pressure can be expressed as a product of the volume shrinkage rate and the effective bulk viscosity.
Thus, the effective Laplace pressure can be derived for the models which provide explicit relationships
for these two values.

Rahaman et al. [59] obtained an expression for the sintering stress using the Zener relation. The
sintering stress is represented as the ratio between surface tension and the product of the grain size and
porosity. Thus, in the framework of this model, the sintering stress increases with density for a fixed
grain size. However, the experiments on sintering of CdO powder indicated the decrease of the sintering
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stress with increasing density when grain growth occurs (which is in agreement with the results of
Beere [207]).

Hsueh et al. [66], using a visco-elastic analysis and based upon experimental data for hot pressing
experiments of Al2O3 powder, came to the conclusion of the constancy of the sintering stress. It should
be noted that hot pressing involves additional factors in comparison with free sintering (such as friction
forces, for example), which can be a reason for the deviation of these results from those obtained by
Beere [207] and Rahaman et al. [59].

De Jonghe and Rahaman [74] determined the thermodynamic meaning of the sintering stress for
two-dimensional porous bodies. They postulated that the sintering stress for a densifying powder
compact can be considered as an equivalent applied stress that would produce the same densification
rate for the system, at identical geometry but with surface tension effects absent. Basically, this
definition is limited by the case of homogeneous porous material.

Ashby [86] introduced two expressions for the effective Laplace pressure considering two stages
of sintering (see Fig. 1). At the first stage (when the relative density is not higher than 92%), an open
character of porosity prevails. Here, for the derivation of the effective Laplace pressure, the expression
for the average contact area as a function of the relative density is used. At the second stage, pores are
separated. Here, the effective Laplace pressure is defined as a ratio of the double surface tension and
the pore radius. The expression for the dependence of the pore radius on the relative density (obtained
by Swinkels and Ashby [16]) is substituted into the relationship for the effective Laplace pressure
which, thus, becomes a function of the relative density as well. For both stages, the effective Laplace
pressure increases with the increase of the relative density. These results have been modified by Cocks
[125] who introduced an additional item responsible for the increase in grain boundary area.

Later, the expression for the effective sintering stress (sintering potential) was derived for the
different controlling mechanisms of material flow under sintering.

McMeeking and Kuhn [101] and Bouvard and McMeeking [213] developed a relationship for
the effective Laplace pressure for diffusion controlled creep at the earlier (first) stage of sintering.
Here the effective Laplace pressure increases with the increase of the relative density. This result is
also modified by Cocks [125] by introduction of an additional term responsible for the increase in
grain boundary area.

Besson and Abouaf [105] noted that the dependence of the effective Laplace pressure on the
relative density seems to be related to the material, processing (cold compaction) and testing
conditions.

Cocks and Aparicio [133] defined the effective ‘sintering force’ as the applied force which
provides the stress field which is in equilibrium with this force and surface tension and satisfies the
boundary condition for the capillary stresses at the pore surface while stress gradients are absent at the
pore surface.

Riedel et al and Svoboda et al. [127,131,132,143] in a series of works elaborated models of
sintering with diffusional creep (grain boundary) as a controlling mechanism of material flow. The
expressions for effective sintering stress include the specific grain boundary energy [127], the inter-
particle neck geometrical parameters [131], and the contribution of the solid–liquid interface energy
(in the case of liquid-phase sintering) [143]. Here the effective sintering stress increases with increas-
ing relative density for large values of the dihedral angle between grain surfaces and decreases with
increasing relative density for small values of the dihedral angle.

Below we represent the derivation of the expression for the effective Laplace pressure based upon
the stochastic approach [19] employed by Skorohod.

As it is shown in Section 2, the effective Laplace pressure is equal to the derivative of the free
energy per unit mass with respect to the volumetric mass of the porous material (Eq. (8)). For the
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consideration of sintering, the free energy can be reduced to the free surface energy and, therefore,
one can write:

dFsP s (57)L dV

Here, Fs is the free surface energy, and V is a porous volume.
Introduce the value j which is a specific surface area of a porous body:

V
js (58)

Vm

where V is a full free surface area (surface of pores); Vm is the volume of substance (matrix) in the
porous material.

The derivative dj/du determines the moving force for sintering:

dF djs 2sa (1yu) (59)
dV du

where a is a surface tension.
For the derivation of Eq. (59), the following relationships are taken into consideration:

2VyV dF dF dj du dF du (1yu)m s s ssu; s P P ; sa; s (60)
V dV dj du dV dV dV Vm

The value j is a function of the porosity and the mean curvature of the pore surface, which can
be estimated for porous powder systems as being inversely proportional to the mean radius of powder
particles ro:

B
js g(u) (61)

ro

where B is a constant which is equal to 3 for spherical particles. The function g(u) should satisfy
certain requirements: it should be monotonously increasing with respect to u, it should be equal to
zero when us0 and it should be finite when u™1. The latter requirement is connected with the fact
that the surface of a porous body cannot be larger than the full summarized surface of particles, which
is equal to B/ro.

For an ideal statistical composition of isomeric quasi-spherical pores and particles, on the basis
of an elementary probabilistic analysis, it follows [19]:

g(u)su

Finally, we obtain:

3a 2P s (1yu) (62)L ro

3.3. Kinetics of free sintering of linear-viscous porous material

For linear-viscous properties of the porous body skeleton, Eq. (20) is valid. Hence:

pyPLes
2h c0

In the case of free sintering, the external stresses are absent, and ps0. Thus:
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PLes
2h c0

The continuity condition gives:

u̇
es

1yu

Then:

u̇ PLsy
1yu 2h c0

Substituting expressions derived by different authors for the sintering stress PL and the normalized
bulk viscosity modulus c, one can obtain various models of free sintering kinetics (Fig. 2). A
comparison of models for sintering kinetics based upon different expressions for c and the same
expression (Ashby [86]) for PL is represented in Fig. 2. Here c from Skorohod’s model is coupled
with PL derived by Skorohod [19]. The calculation results are compared with experiment of Rahaman
and De Jonghe [166] on free sintering of spherical glass powder.

The fit of most of models to experimental data in Fig. 2 is rather poor. A deviation of many
sintering models from the experimental data on shrinkage kinetics led Bordia and Scherer [81] to the
idea of the definition of the effective sintering stress (PL) as a ratio between the determined volume
shrinkage rate and the bulk viscosity modulus. At the same time, the data in Fig. 2 can support the
choice of the above-mentioned c and PL (Eqs. (56) and (62)) which provide the best agreement
with the experimental data.

4. Sintering combined with uniaxial loading

An evident application of the continuum (rheological) approach is the problem of sintering of a
porous body subjected to a uniaxial load (sinter forging or tension). For most materials, the Laplace
pressure produced by the surface tension does not exceed the value of several MPa. Therefore, only
for processes of relatively low external loading, a competitive influence of sintering shrinkage and
creep deformation due to externally applied stresses can be observed. Also, one should take into
consideration the time factor. Being a relatively slow process, sintering can be essential for the uniaxial
deformation which acts during a comparable time interval. This means that sintering should have
enough time to provide deformation of the same order of magnitude that caused by forging. Thus, in
many cases, sinter forging is a relatively slow process (continued during a time comparable to the
time of a free sintering) occurring under a relatively low level of applied uniaxial stresses (comparable
to the Laplace pressure).

Sintering under applied stresses has been studied in a number of works, see Refs. [19,44,45,
59,60,67,68,71,73–75,81,85,93,105,110,112,128,130,166,206,214–228].

One of the first experimental works on sintering under uniaxial load has been performed by
Fedorchenko and Andrievski [214]. A static uniaxial load was applied to copper and nickel porous
samples during sintering. Based upon the idea of the superposition of the Laplace pressure and applied
stress, the determination of the sintering stress has been carried out by means of the extrapolation of
the dependence ‘load-dilatation.’
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Skorohod [19], using the rheological theory of sintering, obtained the constitutive relationship
for sintering under uniaxial applied load. The model is based upon the idea of linear-viscous properties
of the matrix material.

Gregg and Rhines [206] (see also Section 3.2) carried out the experiments on sinter tension with
an uncompressed copper powder. Here no dependence of the sintering force of the relative density
was envisaged.

Savitskii [25] De Jonghe and Rahaman [217] and Rahaman et al. [59,60] used a loading
dilatometer for examination of how creep and densification affect one another when they occur
simultaneously. In the mentioned work, as an object under investigation CdO powder compacts were
considered during sintering under low uniaxial stresses between 0 and 0.25 MPa. The results of the
experiment were used for the determination of the functional dependence of the effective stress in
creep, and the sintering stress in densification, on relative density and grain size. The sintering stress
was found to decrease with increasing relative density when the grain size is not fixed. For a given
grain size, sintering stress increased with the relative density.

Venkatachari and Raj [67] reported on experiments in sintering of magnesia-doped alumina
powder samples under a superimposed uniaxial load. While Rahaman et al. [60] measured only the
axial strain and derived the radial displacements from the measurement of the change in density in
specimens obtained from a series of interrupted tests, in the experiments of Venkatachari and Raj [67]
the two component strains were obtained from measurements of the axial and the radial displacements
in specimens of a cylindrical shape. The experiments have provided a direct measure of the intrinsic
sintering pressure which was found to lie in the range of 0.4 to 0.8 MPa. It was found that the rate of
densification followed a linear dependence of the total mean pressure and a cubic dependence of the
average grain size. In opposite to Rahaman et al. [60], where externally applied stress was smaller
than the triple Laplace pressure (see Eq. (75) below), Venkatachari and Raj [67] applied axial
stresses which were larger than the triple Laplace pressure. This enabled the determination of the
Laplace pressure (using results of Raj [46]) by the same extrapolation methodology which has been
used by Fedorchenko and Andrievski [214]. Later, the experimental results of Venkatachari and Raj
[67] were used by Kwon et al. [130] for confirmation of the constitutive relationships derived for the
description of thermotreatment of alumina powder compacts. The creep strain rates in the model of
Kwon et. al. [130] were obtained based upon the constitutive equations of Helle et al. for hydrostatic
response and by Rahaman et al. [59,60] for deviatoric response.

Scherer [68] obtained numerical solutions, in the framework of the linear-viscous model, for the
evolution of the radius, height and relative density of a porous cylindrical specimen sintered under a
constant uniaxial load.

Rahaman et al. [71] investigated sinter forging of a soda-lime glass powder. It was found that,
for a constant applied stress, the ratio of the creep rate to the densification rate is almost independent
of both temperature and density. The same result was obtained by Rahaman and De Jonghe [218] for
zinc oxide powder. These observations were consistent with Scherer’s model [68]. However, both
densification rate and viscosity, having an exponential dependence on viscosity, showed much stronger
dependence on density compared with predictions of the Scherer’s model. This discrepancy was related
by the authors to the peculiarities of pore size distribution in the samples investigated as well as to the
lenticular pore shape causing anisotropic shrinkage under pressureless sintering. In the later work,
Rahaman and De Jonghe [166] considered sintering of a well-characterized, spherical glass powder
with a relatively narrow particle size range. In this case, the experimental data showed good agreement
with Scherer’s theory of viscous sintering.

Later Chu et al. [223] analyzed the effect of temperature and green density [226] on densification
and creep during sintering. The data [223] showed that the ratio of the densification rate to the creep
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Fig. 4. Sintering under uniaxial loading.

rate (which is related in the framework of the continuum theory of sintering to the ratio between the
applied stress and effective Laplace pressure) is nearly independent of temperature (which means a
weak dependence of surface energy of temperature). The ratio of the densification rate to the creep
rate increased almost linearly with increasing green density [226] (which means a corresponding
linear dependence of the effective Laplace pressure of the relative density).

Geguzin et al. [220] studied sintering of copper porous specimens under uniaxial tensile load. It
was established (see Eq. (75)) that densification is absent when the applied axial tensile stress is
equal to the triple Laplace pressure.

Bordia and Raj [56] used sinter forging experiments for the determination of the sintering rate
by means of measuring the contaminant shear and densification rate in TiO2–Al2O3 composites.

Olevsky and Skorohod [73] and Skorohod et al. [85,93,110] applied the continuum concept of
sintering for the analysis of both sinter forging and sinter tension processes. The results of modeling
were in good agreement with the experimental data of Fedorchenko and Andrievski [214], Gegusin
et al. [220] and Andrievski [222]. Here, the model was not limited by the framework of the linear
viscosity. Sintering under uniaxial loading has been studied for both linear- and nonlinear-viscous (in
particular, plastic) constitutive properties of the matrix (see below).

Panda and Lagraff [221] considered uniaxial deformation of nickel aluminide powders under
elevated temperatures (above 13738K). Here the effect of Laplace pressure was neglected. A model
for densification by power-law creep was applied to the data. However, power-law relationships were
used for the hydrostatic and the deviatoric invariants of the stress–strain rate state separately, which
apparently led to the great overestimation of the measured densification rates.

Bordia and Scherer [81] have compiled a review of previous models describing bodies that sinter
under constraint. A critical examination of the various models revealed that some of them implied a
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negative Poisson’s ratio, which is allowed on thermodynamic grounds but is inconsistent with exper-
imental observation. Here also the differences in determination of the Poisson’s ratio for uniaxial load
under sintering should be noted (including and not including items corresponding to the densification
due to sintering). Bordia and Scherer suggested sinter forging experiments under different stresses in
order to determine the effective shear, bulk viscosity moduli and the effective Laplace pressure.

Ducamp and Raj [224] have carried out sinter forging experiments on powder compacts of
borosilicate glass. The shear and densification strains were measured simultaneously during the forging
process. This information was analyzed to obtain the shear viscosity of the glass and the Laplace
pressure, both as a function of the relative density. The effective viscosity of the porous glass was
empirically fitted to an exponential function of the relative density. The Laplace pressure was found
to increase with density.

Besson and Abouaf [105] used sinter forging for the determination of the effective constitutive
properties of porous alumina. Here the effective stress and strain rate were determined (similar to
Olevsky and Skorohod [85] and Skorohod et al. [110]) and the dependence between these parameters
was found to follow the Coble creep law.

Skorohod et al. [112] and Olevsky [128] formulated and solved (by the finite element method)
a boundary-value problem of sinter forging. It was found that, depending on punch velocity, different
situations of material flow might occur. A possibility of a barrel-like or ‘waist’ shape of the lateral
surface of a cylindrical porous specimen was indicated (see below).

Let us consider a series of problems concerning sintering of a homogeneous body under uniaxial
tension or compression (Fig. 4). In this case only one component of the stress tensor differs from
zero: szs3p. Furthermore, the strain rate tensor is diagonal, therefore:˙́ ij

2
˙ ˙ ˙ ˙ ˙ ˙´ s´ , es´ q2´ , gs N´ y´ N (63)r f z r z ry3

For invariants of the stress state:

1 2 2
ps s , ts Ns ys Ns Ns N (64)z z r zy y3 3 3

Let us designate the coefficient of transverse compression in uniaxial loading (analogy of the
Poisson’s ratio) as

˙́ r
nsy (65)

˙́z

From Eqs. (63)–(65) and (20) it follows that the relationship between the coefficients of
transverse compression and axial tension (taking into consideration the continuity condition es

) is:u̇/1yu

2y3uq3(P /s )uL z
ns (66)

4y3uy3(P /s )uL z

In the absence of sintering, when PLs0, the following equation for the analogy of the Poisson’s
ratio of a body with the porosity u is valid:

2y3u
ns (67)

4y3u

It follows from Eq. (63) and the definition of the coefficient of transverse compression that:
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˙es(1y2n)´ (68)z

Accordingly:

ḣ
˙́ s (69)z h

where h is the current height of a cylindrical sample subjected to uniaxial deformation; h is the rate of˙

change of the current height.
Considering the porous body skeleton as linear-viscous, one obtains from Eqs. (66), (68) and

(69):

˙h w(h/h)yP0 L
u̇s3(1yu) (70)

h (6cqw)0

The solution of Eq. (70) is written in the form:
u(t)

h (6cqw)otst du (71)i | ˙3(1yu)[h w(h/h)yP ]o L
u i

where ui and ti are the initial values of porosity and time.
For the case of uniaxial tension, the effects of sintering and the external applied load are opposed.

Taking into account the expression for the effective sintering stress (Eq. (67)), we arrive at the
conclusion that for a suitable choice of h/h, for which the equality˙

ḣ 3a
s (72)

h r ho o

is satisfied, a condition of ‘zero’ densification is realized (the rate of change of porosity is zero).
Solution of the differential Eq. (72) gives:

hsh exp(t ) (73)i s

where hi is the initial height of the sample and ts is the specific time of sintering:

PL
t s dt (74)s | h

t

where t is real time.
Eq. (73) is the equation of the curve separating the regions of densification and expansion in the

coordinates ts and h for the case of a cylindrical specimen sintered under uniaxial tension (Fig. 5a).
Actually, when expansion occurs under tension, and when densification˙ ˙3a/r h-h/h 3a/r h )h/ho o o o

occurs, that is, in this case the Laplace pressure prevails over the viscous stresses caused by application
of the external load.

It is interesting to consider this question from not only a kinematic point of view, but also in
terms of the stress state. From Eq. (20) it follows:

1 s y3Pz L
u̇s (1yu) (75)

6 h co

The regions of expansion and densification in the coordinates sz, PL for the case of sintering
combined with tensile loading are separated by the line szs3PL (Fig. 5b).
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Fig. 5. Conditions of ‘zero densification’. (a) Required punch movement law. (b) Required applied axial stress.

Taking account of the expressions for c and w we obtain from Eq. (75):

u

du
s3t (76)s| B El

u u y1C Fi 23(1yu)D G

where ui is the initial porosity, lssz/(3a/ro).
From Eq. (76) it follows that at l)3(1yu)2 the porous body densifies, and at l-3(1yu)2 it

expands. This result is qualitatively supported by experimental data [222] confirming the phenomenon
of densification during the sintering of silver briquettes under tension when the ratio of the applied
axial stress to the Laplace pressure is small. If 3a/ros0.05 MPa [214] and tss0.11 [19,222] then
the curve u(l) of Eq. (76) is in almost complete accord with the data of Ref. [222], which describe
the effect of uniaxial tension on the kinetics of densification of silver briquettes at 9008C for 15 min
(Fig. 6). Thus, the nonmonotonous character of the change of porosity with the ratio of the axial
tension to the local value of the Laplace pressure during sintering with combined tension can be
explained by the purely viscous flow model.

A tensile stress may occur in the sintered specimen not only when the externally applied load is
tensile, but also (in the case of a very slow deformation) under uniaxial compression when the external
surface and the punch surface are fully bonded. It is not difficult to show that for a linear-viscous solid:

B E˙3w h
C Fs s 6h c qP (77)z o L6cqw hD G

From this it follows that the above-mentioned effect appears when:

˙P hLy - -0 (78)
6h c ho

The physical explanation of this effect is that the deformation velocity at the surface of the body
which is attached to the pressing equipment (a punch) is slower than the velocity of this surface during
free sintering. If there is no bonding between the face of the specimen and the compressing punch, and



E.A. Olevsky / Materials Science and Engineering R23 (1998) 41–10062

Monday May 18 10:08 AM StyleTag -- Journal: MSR (Materials Science and Engineering) Article: 222

Fig. 6. Comparison of the calculation and experimental data [222] on sinter-tension of a silver powder specimen.

ḣ PLs (79)
h 6h co

then ‘tearing’ of the specimen from the equipment might occur (in this case szs0).
One more effect observable during free compression deserves attention. In the absence of sintering

the radial flow rate is positive—the specimen material flows away from the central axis (and increases
the specimen’s diameter). During sintering it may be expected that radial flow will be retarded and in
certain cases even changes direction (a phenomenon observed in many sinter forging experiments).

From Eqs. (63) and (65)Eqs. (68)–(70) it follows that:

˙P cy1/3w hLe sy y (80)r 2h (2cq1/3w) 2cq1/3w ho

Since h-0, the lateral surface remains motionless during sintering if (considering Eq. (62))˙

ḣ 3a u
sy (81)

h 2h r 2/3yuo o

If, however

ḣ 3a u
0) )y (82)

h 2h r 2/3yuo o



E.A. Olevsky / Materials Science and Engineering R23 (1998) 41–100 63

Monday May 18 10:08 AM StyleTag -- Journal: MSR (Materials Science and Engineering) Article: 222

the lateral surface area and the radius decrease. Thus, under slow deformation (or at low externally
applied axial stress) the material might flow toward the central axis of the porous specimen.

5. Effect of the strain rate sensitivity (nonlinearity of the constitutive properties) on the
kinetics of sintering

5.1. Free sintering

For crystalline powder materials, one of the dominant mechanisms of deformation under sintering
is a power-law creep [28,86]. In this case, the relationship between the equivalent stress S and
equivalent strain rate W is expressed by Eq. (33).

An expression for the rate of shrinkage for the case of free sintering can be obtained from the
constitutive Eq. (36):

PLesy (83)
c[s(W)/W]

It follows from Eq. (83) and the continuity condition (see above):

P (1yu)L
u̇sy (84)

c[s(W)/W]

Taking into consideration Eq. (33), we obtain:

P (1yu)L 1ymu̇s W (85)
Ac

For free sintering with initially uniform conditions, there is no shape change. Therefore, the shape
change rate g in Eq. (16) is equal to zero. Hence, we have the following expression for the equivalent
strain rate W:

˙c 2 NuN
Ws NeNs (86)y y1yu 3 xu

Eliminating W from Eqs. (85) and (86), we have the differential equation describing sintering
kinetics:

1 1ym

1 P 2m 2mL
u̇sy (87)≥ ¥ ≥ ¥A c 3u

Taking into consideration the expressions (Eqs. (62) and (56)) for PL and c, we obtain after
integration the following kinetic relationship:

2m

my1B E1ym 3 3 3a 1m (my1)/2mus (tyt ) qu , 0-m-1 (88)C Fi iy yy2m 2 2 r A≥ ¥oD G

The limiting case of a linear-viscous material, when ms1, is expressed by the exponential law.
The kinetic equation for the free sintering of a porous material with rigid-plastic properties may

be obtained by allowing the strain rate sensitivity m in Eq. (88) to approach zero. In this case Asto,

fenny
高亮
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where to is the yield point of the matrix in the rigid-plastic material. Considering Eqs. (85)–(87), it
may be concluded that when

2B E2 to
u) (89)C F

3 PLoD G

the rate of densification approaches infinity, and when
2B E2 to

u- (90)C F
3 PLoD G

it approaches zero.
If PLo-to and the porosity is high enough to satisfy the inequality (Eq. (89)), then sintering

occurs at an infinite rate (instantaneous densification) until porosity reaches the value us
. After this the process stops. Consequently, the hyperbolas in Fig. 7a change to straight2x2/3( t /P )o Lo

lines parallel to the coordinate axes.

5.2. Sinter forging (sintering under uniaxial pressure)

For sinter forging, the valid relationship for the invariants of the stress–strain rate state is:

s z my1yP sAcW e (91)L3

where sz is the axial stress. The equivalent strain rate may be represented as follows:

xc 6 c
Ws NeN q1 (92)2y(1y3P /s ) wx L z1yu

Substituting the expression for W from Eq. (92) into Eq. (91) and solving the equation obtained
relative to , we obtain:u̇

1
˙ mu Ns y3P NS Wz Lssgn(s y3P ) P (93)T Tz L L my11yu B Ec 6 cU X3cA q1C F2yT T1yu (1y3P /s ) w≥ ¥L zD G

V Y

Plots vs. sz/PL for various values of n are given in Fig. 7b.u̇

Methods of accelerating the densification process during sintering by the application of external
compressive stress are well known. It is natural to assume that tensile stresses will retard densification
during sintering. Instead (see Section 4), a range of tensile stresses exists under the action of which
the porosity of a body undergoing sintering does not increase (assuming that the matrix has linear-
viscous properties). Investigation of the process, assuming nonlinearity of the constitutive properties—
exponential creep (Eq. (33)) indicates that a stronger assertion is justified: for nonlinear-viscous
materials with a sufficiently high degree of nonlinearity a range of tensile stresses exists over which
the rate of sintering is increased. In these cases, the activation of sintering by the application of tensile
stresses occurs.

5.3. Plastic flow and sintering under the action of external forces

The constitutive behavior, in virtue of Eq. (35), is described by the following relationship:
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Fig. 7. Kinetics of sintering for nonlinear-viscous material. (a) Power law. (b) Sintering of a nonlinear-viscous material
under uniaxial load.

x1yuto ˙s s [w´ q(cy1/3w)ed ]qP d (94)ij ij ij L ij2 2xce qwg

Following Eq. (94), we obtain for the invariants:

x1yuto
ps ceqP (95)L2 2xce qwg

x1yuto
ts wg (96)

2 2xce qwg

It is not difficult to obtain an expression for the yield surface from the latter equations:
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Fig. 8. Loading surface for rigid-plastic material under sintering (and externally applied stresses).

2 2(pyP ) tL 2q s(1yu)t (97)o
c w

5.3.1. Overall compression
Eq. (97) corresponds to an ellipse in the p–t plane, which is nonsymmetrical relative to the t

axis (Fig. 8). This means that sintering (capillary forces) produces different resistance of the material
to stretching and compression. Actually, under overall compression the flow conditions of a porous
material (gs0) may be given as:

x xpsy 1yu ct qP (98)o L

Hence, the presence of PL aids the flow of the material under compression, and retards it (the
yield limit increases) under tension.

5.3.2. Uniaxial loading (sinter forging)
An analogous effect: different initial yield limits in tension and compression are observed also

under uniaxial loading.
Substituting Eq. (64) into Eq. (97), we have:

2 2(s /3yP ) 2 sz L z 2q s(1yu)t (99)o
c 3 w

As a result of solving Eq. (99) with respect to sz we obtain: for compression ((h/h)-0): when˙

P (wq6c)(1yu)L0- F :yt 6o

2 2xP wy wc(wq6c)(1yu)t y6PL o L
s s3z

wq6c

Along with that, if the Laplace pressure is larger than the yield limit of a porous body in overall
compression and smaller than the yield limit of a porous body in uniaxial compression:

P (wq6c)(1yu)Lx(1yu)c- - ,yt 6o
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then the axial stress determined by Eq. (100) is tensile (sz)0) under compression. The same effect
was observed for a linear-viscous porous material (see Section 4). It is explained by a smaller value
of the deformation velocity at the surface of the porous body under uniaxial compression than during
free sintering. This situation may occur under slow punch movement.

When

P (wq6c)(1yu)L
)yt 6o

the Laplace pressure is so high that the invariants of the stress state do not satisfy the equation of the
yield surface (Eq. (97)), i.e., the material is not able to plastically deform. For tension (h/h)0):˙

2 2xP wq wc(wq6c)(1yu)t y6PL o L
s s3 (101)z

wq6c

when

P w(1yu)L0- Fyt 6o

volume expansion (swelling) occurs; and for

w(1yu) P (wq6c)(1yu)L
- -y y6 t 6o

we have densification under tensile loading.
The case

P w(1yu)L s (102)yt 6o

is analogous to the condition of ‘zero densification’ considered for linear-viscous constitutive behavior.
Here the compressive capillary stresses are compensated by the external tensile ones. It should be
noted that the condition of ‘zero densification’ has an instantaneous character for linear-viscous
constitutive properties (when the punch movement law is not exponential vs. time—see Eq. (73)).
On the contrary, for rigid-plastic properties this condition, when Eq. (102) is satisfied, has a permanent
character for all the time of the sinter forging process. This means that densification is absent and the
porous material deforms as an incompressible one.

5.3.3. Torsion
Analysis of Eq. (94) makes it possible to also evaluate the kinetics of sintering under torsion. In

this case:

˙xts 2t , ps0, gsNbN (103)rw

where is the rate of twisting. Substituting Eq. (103) into Eq. (94), we obtain:ḃ

w w2 2t s (1yu)t yP (104)rw o Ly 2 c

Taking account of the equation of continuity, we obtain:
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˙u̇ w NbN
sy P (105)L1yu c w2 2w(1yu)t y4Po Ly c

It follows from Eq. (105) that during plastic flow shear deformation produces an increase in the
sintering rate in opposite to the linear-viscous case, where it does not affect the rate of densification
(Eq. (20)).

6. Effect of porous structure topology on sintering kinetics

Here we analyze the influence of the two topological characteristics of the porous structure: pore
size distribution and pore morphology (shape).

6.1. Effect of the pore (particle) size distribution

Considerable work has been carried out on this topic [50,52,63,64,229–256].
Petru [231] and Coble [232] performed some of the first work in this direction. Coble analyzed

the influence of particle size distribution on the kinetics of sintering. For a system containing particles
of two characteristic sizes, the microstresses were indicated which can either enhance or retardsintering.

Later Onoda elaborated a geometric model and used the Furnas relations to calculate the shrinkage
due to the sintering of bimodally distributed powder systems. This model was developed by Messing
and Onoda [235] to take account of packing heterogeneity. Here an attempt was made to describe
theoretically the macrokinetics of sintering of polydispersed systems. However, this model does not
take into consideration the influence of the coarse–fine particle contacts. Nevertheless, as noted by
Messing and Onoda [235] and also pointed out in the experimental work of O’Hara and Cutler [230]
and of Smith and Messing [240], the role of these contacts can be essential.

An article of Scherer [42] describes the influence of the pore size distribution on the kinetics of
sintering.

The work of Raj and Bordia [50] is devoted to a theoretical description of the internal stresses
initiated by heterogeneous sintering rates during thermal treatment of bimodal porous bodies. The
spherical domain which can shrink faster or slower than the surrounding spherical matrix is considered.
The processes of the densification and viscoelastic creep are represented by Kelvin–Voigt and Maxwell
elements, respectively. A Laplace transformation method is used to obtain the time-dependent solu-
tions. However, to obtain analytical solutions it is necessary to assume that the elastic modulus and
the viscosity of the porous body are constant. But it is known that both these parameters depend on
porosity.

Rhodes [234], Lange and Metcalf [236], Slamovich and Lange [253], and Dynys and Halloran
[241] have shown experimentally that the density increases faster within the aggregates (domains
with some characteristic scale of the particles) than for the interaggregate regions which contain large
pores. Here, the rate of sintering is inversely proportional to the concentration of the aggregates (Dynys
and Halloran [241]).

Evans and Hsueh [63] elaborated the viscoelastic model which describes the behavior of the
large pores in the fine-grain medium. It was predicted that a dramatic increase of the densification rate
can be expected when the size of the pores is close to the size of the grains. Consequently, as also
supposed by Lange [242], grain growth can favor densification.

fenny
高亮

fenny
高亮
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It should be noted that despite the great number of experimental and theoretical investigations on
the question given, a unity of opinion about the influence of the pore (particle)-size distribution and
the ratio of the pore (particle) scales on sintering kinetics has not been achieved.

Patterson and co-authors (Patterson and Benson [238], Patterson and Griffin [239] and Patterson
et al. [243]) have shown experimentally that the pore (particle)-size distribution influences the integral
shrinkage. Here an increase of the sintering rate is characteristic for the large particles if the width of
the pore (particle) size distribution increases. Some nonmonotonous dependence of the densification
on the distribution width, with a minimum in the intermediate region is characteristic for small particles.
However, it was experimentally determined (Poster et al. [229], Yeh and Sacks [250]) that the
distribution width does not influence the final sintered density. Thus, since the green density is higher
for wide particle size distributions (because of the higher packing density), the integral shrinkage of
the patterns with wide distributions must be smaller (this is at variance with the data of Patterson et
al. [243]).

Liniger and Raj [244] and Liniger [247] have shown that the disordered structures (bimodal
powder mixtures) can be sintered more homogeneously and intensively than the ordered (monomodal)
structures. The powders with narrow but not monomodal particle size distributions are optimal for the
sintering intensity (this does not coincide with the conclusions of Patterson et al. [243]). Such a
difference between the results of the experimental investigations can be explained, for example, by
the difference between the objects of research, or the methods of sample preparation. However, the
lack of agreement is also characteristic for the conclusions of the theoretical investigations.

Zhao and Harmer [248,249] analyzed theoretically and experimentally the influence of the pore
(particle) size distribution on the sintering kinetics. It was ascertained that narrowing the distributions
leads to a decrease of grain growth, and thus to an increase of the sintering rate (but the grain growth
can favor densification, according to the results of Lange [242], Evans and Hsueh [63]).

German and Bulger [255], by analogy with the methods of Messing and Onoda [235], use the
mixture relationship for the prediction of the sintered density. This study indicates an improvement of
the solid loading for a bimodal iron mixture, but a degradation of the sintered density when used in
powder injection molding.

A number of ideologically close studies have been published by De Jonghe et al. [64], Hsueh et
al. [62] and De Jonghe and Rahaman [74]. These works are devoted to the description of the stresses
for bimodal compact sintering. The general procedure for the determination of the effective sintering
stress as the equivalent applied stress which causes the same sintering rate without the influence of the
surface tension is represented by De Jonghe and Rahaman [74]. The problem of the sintering of a
bimodal porous system was also considered. However, the suggested model was used mainly for
analysis of the stress-state parameters only.

Li and Funkenbusch [251] studied the behavior of the analogous dispersed system in conditions
of hot isostatic pressing. The concept of the deformation maps of Frost and Ashby has been used for
a bimodal porous system. The behavior of the two ‘averaged’ particles, with their respective ‘weight’
contributions to the general kinetics, was described.

Scherer [52] elaborated a model in the framework of continuum mechanics (this approach was
also generalized for a polymodal porous system). Scherer used Selsing’s equation for the hydrostatic
stress within the inclusion correlating it with the deformations in the matrix and inclusion. Here, the
inclusion is represented by the porous material, containing either large or small pores, and the matrix
is an effective porous material, consisting of a mixture of cells with large and small pores.

In the framework of the terminology suggested by Scherer [52] the model proposed corresponds
to the so-called ‘anarchical’ porous structure of the material because of the chaotic arrangement of
large and small pores or particles.
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Fig. 9. Representative biporous element.

Olevsky and Rein [141] analyzed ‘hierarchical’ structure, characterized by an ordered arrange-
ment of the small pores between the primary particles, and the large pores between the agglomerates
(the case which is mostly met in practice). Here the representative element is considered in the form
of a spherical layer containing small pores and surrounding a spherical large pore (Fig. 9).

The following kinetic equations for the evolution of ‘small’ and ‘large’ porosity (corresponding
to the volume concentration of small and large pores) are obtained:

3du (1yu) [1q(ky1)P]
s (106)

dt 2c(Py1)
2dP 3(1yu)

sy kP
dt 4w

where t is the specific time of sintering determined by Eq. (74); P is the porosity corresponding to
the volume concentration of large pores; k is the ratio of the small rp and large Rp pore radii.

rp
ks (107)

R p

The kinetic equations describing the evolution of the small and large pore radii are:
2dR R (1yu) 1q(ky1)P kp ps q (108)≥ ¥dt 2(Py1) 3c 2w

dr rp psy
dt 4(1yu)

The results of the calculations in accordance with Eq. (108) are represented in Fig. 10. Here, the
evolution of the relative density for a monomodal body with small pores, large pores, biporous body
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Fig. 10. Comparison of the calculation results for anarchical (Scherer’s model [78]) and hierarchical (Eq. (108)) biporous
topology.

(hierarchical topology—Eq. (108), anarchical topology—Scherer’s model [78]) is represented. The
concentrations of large and small pores are assumed to be initially equal. The initial ratio of large to
small pore radii is 5:1. Small pore regions sinter faster, forming bands with higher resistance (vis-
cosity). Apparently, this is a reason for the smaller final shrinkage of a bimodal body with the
hierarchical pore structure topology (in comparison with the anarchical pore structure topology).

6.2. Effect of the pore morphology (shape) on the shrinkage anisotropy under sintering

In the sintering practice, anisotropy of shrinkage is a well-known phenomenon [23,59,71,121,166,
218,257–274]. For example, sintering a cylindrical sample, one can observe that the shrinkage in the
axial direction differs from that in the radial direction.

An overview of the earlier experimental studies concerning shrinkage anisotropy under sintering
has been published by Hausner [259]. In particular, the results of the experiments on sintering of
carbonyl, and reduced and electrolytic iron powders are given in this paper. It is shown that, for these
powders, the linear shrinkage ratio (ratio between radial and axial linear deformation) varies in the
interval of 0.20«1.5 depending on the type and the particle size of powder. Also, the effect of the
preliminary compaction method on shrinkage conditions under sintering was analyzed. It was dem-
onstrated that, for uniaxially pressed powders, the linear shrinkage ratio was considerably greater than
that of the isostatically pressed specimens.

The latter assertion leads to the conclusion of a possible dominant influence of oriented pore
shape on the intensity of the shrinkage anisotropy. It is evident, that the uniaxially pressed samples
should have a more elongated shape (with a decreased size in the direction of pressing) than those
produced by isostatic pressing.

This idea is in good agreement with the results of the work of Roman and Hausner [258] on
sintering of electrolytic copper powder samples. It is shown that, for the uniaxially pressed specimens,
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the linear aspect ratio is always larger than unit (which means that the diameter shrank more than the
height). Along with this, the linear shrinkage ratio increases with respect to the applied pressure. The
same result was obtained by Arghir and Kuczynski [263]. The effect of applied stress on the intensity
of shrinkage anisotropy was also analyzed by Stefanovic and Ristic [266] and was related to the
creation of preferred orientations in a specimen after pressing.

Another theoretical hypothesis of Lenel et al. [257] includes gravity as a dominant factor for the
shrinkage anisotropy. The authors postulated that gravity is responsible for the observed ratio of
shrinkage in loose powder aggregates, while residual stresses could be responsible for the observed
shrinkage effects in compacts with interconnected pores. However, Exner [262] has shown that
preferred pore orientation exists even in cylindrical samples containing loosely filled copper spheres
with a very narrow size distribution and that the effect of this pore orientation overrides the effect of
gravity on the variation of radial shrinkage by a factor of more than three.

Ivensen [23], studying sintering of glass powders, postulated that the main reasons for the
shrinkage anisotropy is the ‘‘anisotropy of capillary forces caused by the change of the particle and
pore shape in the direction perpendicular to the direction of uniaxial compaction.’’

Cutler and Henrichsen [260] analyzed experimentally the effect of particle shape on the kinetics
of sintering of glass. They have shown that nonequilibrium (elongated) particle shapes sinter more
rapidly than equilibrium (spherical) particle shapes.

Giess et al. [267] studied experimentally isothermal sintering of jagged and spheroidized cor-
dierite-type glass powders. Both jagged and spheroidized particle compacts showed about the same
0.7 anisotropy of the ratio of axial to diametrical shrinkage, but spheroidizing reduced the shrinkage
rate (which confirms the results of Cutler and Henrichsen [260]). Thus, it is indicated that shrinkage
anisotropy is not a simple particle shape effect (which is also supported by Exner and Giess [271]).
Giess et al. [268] relate this effect to differences in the axial and radial distributions of particle sizes
present in these compacts. This can be equivalent to the topology of an anisotropic–porous body with
pores of elongated shape oriented in one direction.

This idea is also in good agreement with the results of the experimental work of Mitkov et al.
[264] who analyzed the influence of the orientation of pore structure on shrinkage anisotropy. The
authors concluded that preferred orientation of elongated pores exists in loose and compacted powder
samples. After filling [a rigid die], an axial orientation exists, the extent of which is increased by
isostatic pressing and reduced by uniaxial pressing. At higher pressures, uniaxial compression results
in a radial orientation of elongated pores.

Rahaman et al. [71] and Rahaman and De Jonghe [166] observed and analyzed shrinkage
anisotropy of crushed soda-lime glass powder. In Ref. [166], the axial–radial deformation ratio varied
from 0.6 initially to 0.7 after 2 h of sintering. This is comparable to the shrinkage anisotropy observed
by Giess et al. [268] for cordierite-type glass powder in the intermediate and final stages of sintering.

Ducamp and Raj [272] observed almost isotropic shrinkage for sintering of a borosilicate–glass
powder. The axial–radial deformation ratio in their experiments varied from ;1 initially to 0.94 after
2 h of sintering.

Boccaccini and Ondracek [273], analyzing sintering of borosilicate–glass powder, obtained the
axial–radial deformation ratio to be equal to 0.73 which is in good correlation with the results of
Rahaman and De Jonghe [166].

Most of the models introduced for the description of shrinkage anisotropy under sintering consider
the linear shrinkage ratio as a constant which, in general, contradicts the majority of the above-
mentioned experimental data.

The anisotropy of shrinkage is a macroscopic event. In this concern, theoretically an appropriate
description uses the apparatus of continuum mechanics. An anisotropic continuum model for defor-
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Fig. 11. Anisotropic–porous body.

mation of powder packings is elaborated by Jagota et al. [270]. This model is relevant for the early
stages of densification of powder packing during sintering and compaction when powder material can
be interpreted as an assembly of separated particles.

The problem of shrinkage anisotropy under sintering was considered by methods of continuum
mechanics by Olevsky and Skorohod [121]. Here, we represent the model basis used by the authors
and some of the results of the calculations.

Following the good agreement between the experimental interpretation of Mitkov et al. [264]
and the results of Giess et al. [268] and Roman and Hausner [258], we describe a porous specimen
after compaction as a body comprising oriented ellipsoidal voids. In view of the axisymmetry of the
conditions of pressing in a rigid die, the pore shape is specified by ellipsoids of rotation (Fig. 11).

For this particular pore shape, the Laplace pressure is no longer a constant equal for all the
directions. In such a case, the local Laplace pressure can be represented in a tensoric form:

a
P s d (109)Loij ijri

where a is a surface tension and ri is the pore surface curvature radius. For curvature radii in the
ellipsoid’s axial directions:

2 2a c
r s , r sr s (110)1 2 3c a

where a and c are the ellipsoid’s semi-axes.
Thus, the local Laplace pressure will be larger in the direction of the larger pore axis because of

the smaller value of the radius of curvature in this direction.
Assuming linear-viscous properties of the matrix material, the Eshelby technique for the defor-

mation of heterophase material with ellipsoidal inclusions can be used for the determination of the
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effective Laplace pressure (sintering stress). Herewith voids are considered as ellipsoidal inclusions.
Following Olevsky and Skorohod [121], the radial and axial components of the effective Laplace
pressure have the form:

3au (1yS yS )(c/a) q2S3333 3322 3311P s (111)Lr 2a /c (1yS yS )(1yS )y2S S3333 3322 1111 1133 3311

3au S (c/a) q1yS1133 1111P sLz 2c /a (1yS yS )(1yS )y2S S3333 3322 1111 1133 3311

where Siijj are the components of Eshelby tensor.
A tensoric form of the effective Laplace pressure explains an anisotropic character of the shrinkage

in such a body with a texture of porosity. However, one should take into consideration also the
anisotropy of material response. In the framework of the model of transversal–isotropy, we obtain the
expression for the radial and axial strain rates:

n y1 n23 12e s P q P (112)r Lr Lz
h h22 11

n 121e s P q Pz Lr Lz
h h22 11

where h11, h22 and n12, n21, n23 are the viscosity moduli and Poison’s ratios in the corresponding
directions, respectively. The values of viscosity module and Poison’s ratios can be determined as
effective properties of a composite material containing oriented inclusions. These properties depend
on the current ellipsoid aspect ratio value (c/a) and porosity.

Besides, the proposed model [121] permits the description of the evolution of the morphology
and pore size (values of pore semi-axes as functions of time).

The intensity of the shrinkage anisotropy is determined by the interplay between the two above-
mentioned factors causing the anisotropy: (i) tensoric character of the effective Laplace pressure (Eq.
(111)), and (ii) anisotropy of the porous material viscosity (Eq. (112)). Intuitively, it is understand-
able that while for elongated pores the component of the effective Laplace pressure in the direction of
the bigger pore axis is larger, the viscosity will also be larger in the same direction, thereby reducing
the overall anisotropy effect.

The results of the calculations in accordance with the given model agree well with the experimental
data of Rahaman and De Jonghe [166] on sintering of a borosilicate glass (Fig. 12). Here, the initial
porosity was accepted to be 0.39, and the initial pore aspect ratio c/as0.7.

7. Inhomogeneous density (porosity) distribution and sintering kinetics

It is well known in powder metallurgy practice that the inhomogeneous spatial distribution of
density can have a substantial effect on the kinetics of sintering. This inhomogeneity, and also non-
uniformity in the physicochemical composition of a porous sample lead to an inhomogeneous shrinkage
and warping during the sintering process, and in some cases to rupture of the porous material.

An inhomogeneous initial density distribution is usually created by pressing which precedes
sintering.

This concerns mostly macroscopic variations of density. Local density fluctuations are associated
usually with inclusions which differ from the surrounding matrix material by their porosity or chemical
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Fig. 12. Anisotropic kinetics of sintering obtained by calculations [121] and experiment of Rahaman and De Jonghe [166].

composition. Density nonuniformity causes variations in effective Laplace pressure and the effective
rheological properties of the material (e.g., viscosity coefficients). It is known from sintering practice
(see Lange and Metcalf [236], Rhodes [234], Weiser and De Jonghe [275], Tuan et al. [276], Tuan
and Brook [277], Stearns et al. [278]) that these heterogeneities can cause differential shrinkage and
damage during sintering.

One of the first modeling analyses in this area has been carried out by Scherer [43,70]. Later
Scherer developed this direction in a number of publications [77,78,94], where the model was
introduced based on the thermoelastic analogy of the constitutive equations for sintering of a linear-
viscous porous body. Here the values of stresses initiated by shrinkage and the presence of inclusions
were estimated. The problem of the determination of the transient stresses in the presence of inclusions
under sintering has been considered also by Evans [47], Raj and Bordia [50], Hsueh [65,76], Hsueh
et. al [62,66], De Jonghe et al. [64], Bordia and Raj [61,75], Rahaman and De Jonghe [72], De
Jonghe and Rahaman [74]. Raj and Bordia [50] (see also Section 6.1) considered sintering of
inclusions which can sinter faster or slower than a surrounding porous matrix. From their results it
follows that, in the case of the faster sintered (more porous) inclusions, the higher possibility of the
formation of circumferential cracks around inclusions exists (the same results were obtained by Evans
[47]), whereas, for slower sintered (more dense) inclusions, the greater possibility of the formation
of radial cracks is observed.

However, Scherer [70] and Bordia and Scherer [82] have shown that stresses estimated from
the above-mentioned studies turned out to be too small to cause any substantial change of the matrix
sintering rate. For example, during sintering with rigid inclusions a considerable retardation of the
matrix densification should be expected. Scherer [77,78] noted that an additional influence of the
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Fig. 13. Subdivision of a porous ball into permeable coaxial elements.

possible formation of the percolative network of inclusions impeding shrinkage is to be taken into
account. A similar approach was developed by Sunderasan and Aksay [279], Lange [280], Lange et
al. [281] and Sudre et al. [282–284].

Mataga and Bassani [285], following the idea suggested by Lange [286], described possible
damage of the matrix due to the opening of pre-existing cracks.

All the above-mentioned models consider matrix properties to be uniform. However, it is evident
that around an inclusion a nonuniform stress–strain state develops causing some inhomogeneity of the
matrix density distribution. The problem of the evolution of density around inclusions is solved by Du
and Cocks [104] (for the elliptical shape of the rigid inclusion). Skorohod et al. [93,112] and Olevsky
and Bert [142] considered sintering with inclusions whose density differs from the density of the
surrounding matrix and determined the distribution of it both in the inclusion and the matrix.

Below, it is demonstrated how the continuum theory of sintering can be employed for the solution
of this problem.

7.1. One-dimensional problem of free isothermal sintering with initially nonuniform spatial
distribution of density

In studying the influence of an inhomogeneous density distribution on the kinetics of sintering in
a general form, it is necessary to simplify the geometry of the object under consideration. With this in
mind, we shall consider a series of model one-dimensional problems concerning the sintering of a
porous ball.

The problem is solved numerically by a modification of the finite-element method: the permeable
element method (PEM) [142].

The volume of the porous ball is broken up into N parts, representing concentric spherical layers
(Fig. 13).

Let Viy1i, is1,«,Ny1 be a material flow velocity from the iy1th element into the ith one. For
the ith element, the radial velocity can be written as:

ryR ryRiy1 iV s V q V , is1,«,N (113)ri iiq1 iy1iR yR R yRi iy1 i iy1
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Here Ri is the external radius of the ith element (Ros0); r is the current radial coordinate.
The strain rate of the ith element is:

≠V Vri ri˙ ˙´ s , ´s , is1,«,N (114)ri fi
≠r r

and the rates of change of its volume and shape:

2
˙ ˙ ˙ ˙e s´ q2´ , g s N´ y´ N, is1«,N (115)i ri fi i fi ri3

in order to calculate the unknown flow rates according to the PEM we use a variational principle.
Assuming that the matrix material is linear-viscous, this principle is transformed to an extremum
condition of the functional:

2 2Is [h (wg qce )qP e]dq™extr (116)o L|
q

The latter condition has the following physical sense: the rate of energy dissipation during sintering
defined by the functional I reaches its extremum for the true values of flow velocities Vkkq1 which can
be determined from the following equations:

≠I
s0, ks1,«,N (117)

≠Vkkq1

To complete the system of linear Eq. (117) it is necessary to add the expression for the velocity
in the center which is (due to a symmetry):

V s0 (118)01

and the condition of the free external surface:

(2w q3c )N N2R R VN Ny1 Ny1N≥ ¥R yRNy1 N (119)
2 2B B E E1 3 4w R PN Ny1 Lo2q 18 R y R q R c q V sy3 (1yu )RC FN Ny1 Ny1 N NNq1 N NC F2 2 R yR h≥ ¥N Ny1 oD GD G

We find the density field by using the law of mass conservation, which in the given case is written
in a discrete form:

ˆ ˆ ˆ ˆdM r qr r qri iy1 i iq1 i˙ ˙y S (V yR )q S (V yR )s0 (120)iy1 iy1i iy1 i iiq1 idt 2 2

where Mi and are the mass and density of the ith element, respectively. Si and Ri are the surface arear̂i
˙

and displacement velocity of the ith element’s boundary.
Herewith:

42 3 3 ˆS s4pR , M s p(R yR )r (121)i i i i iy1 i3

Substituting Eq. (121) into Eq. (120) and taking into consideration that s(1yui)rm (rm isr̂i

the theoretical density of a fully-dense material), one obtains:
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3 2 2 2˙ ˙u sy {(1yu )[R (V yR )]q(1yu )[R V yR Vi iy1 iy1 iy1i iy1 i iy1 iy1i i iiq13 32(R yR )i iy1 (122)
2 2 2˙ ˙ ˙yR R qR R ]q(1yu )[R (R V )]} is1,«,Ni i iy1 iy1 iq1 i i iiq1

Here we assume that uos1 and uNq1s1.
The velocities of the permeable elements’ boundaries are chosen in such a way that a transfusion

between elements is absent for the uniform solution:

˙R R
˙R s i, Rs i, is0,«,N (123)i iN N

The additional equation corresponding to the change of the external radius should supplement
the set of the ordinary differential Eq. (122):

˙ ˙R sRsV (124)N NNq1

The set of Eqs. (122) and (124) is solved with respect to the unknown functions ui, is1,«,N
and RN by the Runge–Kutta method of the fourth order. For the integration, the specific time of sintering
ts(PLo)/(ho)t, where t is a real time of the process, is an independent variable.

The analysis of the solutions obtained (see Fig. 14), for various initial radial distributions of
porosity (linear (Fig. 14a), stepped (Fig. 14b,c), parabolic (Fig. 14d) and sinusoidal (Fig. 14e),
indicates the following peculiarities of densification and flow under sintering of a porous ball.

c Flow velocities decrease monotonously to the center of the ball (excluding some deviations
for the solutions of problems of sintering with inclusions; Fig. 14b,c). The decrease of the flow
velocities becomes more intensive in regions of transition to larger porosities (a convex shape of
curves of flow velocity distributions; Fig. 14b,c).

c For sintering with an inclusion of higher porosity, the distribution of flow velocities has a local
maximum (by its absolute value) on the boundary of the inclusion. During sintering, the extremum
character of flow velocity distribution becomes more pronounced (Fig. 14b). This, in turn, causes a
local increase of density in the transition band between the inclusion and matrix.

c For all calculation examples (Fig. 14), porosity gradients decrease during sintering. The latter
observation permits the following conclusion: A free surface energy, accumulated in a disperse
medium, can be fully used as a moving factor of the densification under sintering only for some
conditions. Such conditions can be a uniformity of porosity just as by pore sizes (which causes the
uniformity of the local Laplace pressure in a porous volume), so by pore volume fraction (uniformity
of porosity). These calculations indicate that nonuniformity of porosity cannot be the only reason of
the localization of densification when linear-viscous properties of the material of the porous body
matrix are assumed.

Thus, for an explanation of the effect of localization of densification under sintering, apparently,
additional factors should be taken into consideration: nonuniformity of pore size distribution, non-
linearity of constitutive properties of porous body matrix, nonisothermicity of sintering.

7.2. Inhomogeneity of density distribution caused by influence of the external forces and preliminary
pressing. Solution of certain technological problems

One of the most important applications of the continuum approach in the modeling of sintering
is the solution of problems of density distribution in real porous samples. Due to high nonlinearity of
the constitutive relationships, for most cases, it is impossible to obtain an analytical solution to such a
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Fig. 14. (continued)
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Fig. 14. (continued)
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Fig. 14. Evolution of the radial porosity distribution of the initially heterogeneous porous ball. (a) Initial linear radial
distribution of porosity. (b) Sintering with a porous inclusion. (c) Sintering with a dense inclusion. (d) Initial parabolic
radial distribution of porosity. (e) Initial sinusoidal radial distribution of porosity.

problem. Therefore, a relevant numerical method should be used. For the solution of the problems
concerning forming processes in compact materials, the finite element method (FEM) is widely used.
Since the end of the 1970s the FEM was employed for the solution of the problems of working porous
materials by pressure. Recently it has found a new area of application—modeling of pressureless
sintering.

Skorohod et al. [85,93,112] and Olevsky [128] introduced the FEM approach for the solution
of one-dimensional problems of sintering as well as problems of sintering of real porous bodies of
cylindrical and stepped shape (see below). Riedel [87], Riedel and Sun [98] considered a two-
dimensional problem of sintering of a cutting tool using a finite element code ADINAw. Mori [109]
elaborated a finite-element code for simulating non-uniform shrinkage in sintering of ceramic powder
compacts on the basis of the rigid-plastic finite element method. It should be noted that for sintering,
for most cases, diffusion and viscous mechanisms of the material flow are dominant, and the rigid-
plastic constitutive model is more relevant for the description of cold treatment by pressure.

Westerheide et al. [138] used the finite-element code ABAQUSw for simulation of the density
distribution and shape change in a porous part with initial inhomogeneity of density distribution caused
by preliminary uniaxial die pressing. In the sintering model grain boundary diffusion was considered
to be the dominant mechanism for material transport responsible for shrinkage of the body.

Tsumori et al. [144] suggested an algorithm consisting of two-level modeling: a macro model to
describe the geometric change of a bulk material and a micro model to predict local shrinkage. The
constitutive properties of the porous body matrix are described in the framework of elasto-creep.

Bouvard and Gillia [145] considered sintering of a mixture of tungsten carbide and cobalt
powders. The process was simulated using finite element code ABAQUSw. The mechanical behavior
of the material was described by linear viscous constitutive equations whose parameters have been
estimated from free sintering and sinter-forging experiments.

Here we consider several examples of the solution of technological problems of sintering on the
basis of the continuum theory of sintering [110–112,140].
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Fig. 15. Final configuration and density of sintered fiber on a rigid substrate.

7.2.1. Sintering of initially homogeneous cylindrical sample with fully-bonded end surface (model
analogy of: the adhesion of the porous sample’s end face and furnace surface; sintering of a film
bonded on a rigid substrate)

Sintering of a film on a rigid substrate was studied by Scherer and Garino [55], Bordia and Raj
[56], Hsueh [58], Cheng and Raj [211], Jagota and Hui [91,92], Bordia and Jagota [119], Zhao
and Dharani [123] and German [27].

Here, we consider the constitutive properties of the matrix to be linear-viscous. The stress-strain
state of the porous cylinder is axisymmetric. Because of symmetry one can consider only half of the
specimen. We take as boundary conditions that on the lower face:

V s0, V s0 (125)z r

The results of the calculations for the final field of porosity and for the macroscopic shape (the
specific time of sinterings1) are given in Fig. 15. The initial porosity is assumed to be uniformly
distributed and equal to 0.4.

The highest density is reached at the peripheral top layers of the porous cylinder. An instability
of material flow is indicated through the nonuniformity of the density distribution at the bottom of the
sample. Apparently, this instability can be increased by an introduction of friction forces (at the
specimen’s bottom) in the model analysis.

7.2.2. Sinter-forging of an initially uniform porous cylindrical sample
The boundary conditions at the lower face are:

V s0, V s0 (126)z r
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and those on the upper face are:

V syV , V s0 (127)r p r

(Vp is the velocity of the upper punch, Vp)0).
In distinction from Section 4, where the problem was considered assuming uniform distributions

of stress and density, we will investigate the effect of the boundary conditions. An effect is pointed
out in Section 4 consisting of a decrease in the radial flow rate, and in certain cases (in Section 4 this
is described by Eq. (80)) even in a change in its direction. Here, the various factors which influence
the course of sintering are considered more fully, since we solve a boundary-value problem. Therefore
the number of possible qualitative outcomes of the solution is greater. However, as shown by the
calculations (Fig. 16), there is a definite correlation between the results of the corresponding solutions
of the homogeneous and boundary-value arrangements.

For a slow punch movement (with the velocity lower than that corresponding to Eq. (81)) during
sinter forging, sintering ‘wins’ the competition with the axial external load, and the convex shape of
the lateral surface is formed (Fig. 16a). The evolution of the geometry and the porosity distribution
of a half-cross-section of a porous cylindrical specimen is represented in Fig. 16b. Here, starting from
some intermediate time point, one can observe a uniformization of the density distribution in course
of sinter forging. The highest density is reached at the middle peripheral layers of the porous cylinder.

A concave (barrel-like) shape is obtained (Fig. 16c) for sinter forging with a relatively fast
punch movement (with the velocity higher than that corresponding to Eq. (81)). The highest density
is reached in the center of the specimen (Fig. 16d).

For the values of the punch velocity predicted by Eq. (81), the corresponding solution of the
boundary-value problem gives the final value of the specimen’s radius equal to the initial radius.

7.2.3. Sintering with inclusions
In a one-dimensional form, this problem is considered in Section 7.1. The results of the solution

of the corresponding boundary-value problem are represented in Fig. 17. One can see the ‘densification
waves’ which are formed around inclusions.

7.2.4. Isothermal sintering of a porous cylinder with a nonuniform density distribution caused by
previous compaction

Here, the results of the calculations for pressing copper powder in a rigid die (carried out by the
permeable element method [287]) are used as the input parameters (field of porosity) for the
calculation of the consequent free sintering. In Fig. 18, the evolution of porosity field and macroscopic
shape is represented for a half-volume and a half-cross-section of the specimen. A nonuniformity of
the porosity distribution after pressing is caused by friction between the powder and die walls.

7.2.5. Isothermal sintering of a stepped part with a nonuniform density distribution caused by
previous compaction

By analogy with the previous section, ‘pressing in a rigid die-free sintering’—processingsequence
for a copper powder specimen is considered (Fig. 19). Here, the nonuniformity of the porosity
distribution after pressing is caused mainly by different values of volume deformation in ‘steps.’

8. Modeling of sintering with phase transformations

The modeling of sintering and hot isostatic pressing incorporating phase transformations has
assumed a significance in the light of the developing technologies for the production of intermetallic
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Fig. 16. (continued)
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Fig. 16. Sinter-forging of a porous cylinder. (a) Slow punch movement. (b) Evolution of porosity distribution for a half-
cross-section under slow punch movement. (c) Fast punch movement. (d) Evolution of porosity distribution for a half-
cross-section under fast punch movement.
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Fig. 17. Sintering with inclusions. (a) Porous inclusion (initial matrix porosity—0.2; initial inclusion porosity—0.4). (b)
Dense inclusion (initial matrix porosity—0.4; initial inclusion porosity—0.2).
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Fig. 18. Pressing in rigid die-free sintering processing sequence for a copper powder cylinder.

materials. Thermotreatment of these materials is frequently accompanied by intensive exothermic
reactions causing the phenomenon of the so-called self-propagating high temperature synthesis.

Another very important application of modeling of sintering with phase transformations belongs
to the area of sintering of crystallizing glasses, glass–ceramics and gels. Jagota and Raj [102] consid-
ered the crystallization and sintering of unseeded and seeded boehemite gels. The authors compared
propagation velocities of densification and crystallization fronts. However, thermodynamically,
crystallization and sintering were considered independently.

Olevsky et al. [129,137] have been developing a model approach based on the continuum model
of sintering, where phase transformation and sintering are considered as thermodynamically coupled
processes.

One of the evident manifestations of the influence of phase transformations on sintering is the
change of the values of the rheological parameters of the material by virtue of their temperature
dependence. The exo- and endothermic character of phase transformations and chemical reactions
causes the change of material temperature and, correspondingly, the change of the values of the
viscosity coefficients, the surface tension, diffusion and heat parameters, etc.

Along with this, a direct contribution of phase transformations into deformation process should
be taken into consideration.

Based on the assumption that the main object of investigation of this contribution is the volume
component of the deformation of the porous body skeleton, two additional items of the dissipative
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Fig. 19. Pressing in rigid die-free sintering processing sequence for a copper powder stepped-shape specimen.

balance, caused by the influence of phase transformations, can be determined. These are the change
of the theoretical density of the material due to the evolution of the phase composition and the volume
Kirkendall effect, conditioned by difference of intrinsic coefficients of diffusion.

8.1. The influence of the change of the theoretical density

In accordance with the local state principle [11], the contribution of the change of the theoretical
density can be taken into consideration by introduction of an additional item into the dissipative balance
Eq. (1):

ṙTDsD qP eqP (128)0 L dc
r T

where D0 is the dissipative potential determined by Eq. (30), rT is the theoretical density of the matrix
material (porous body skeleton), is its derivative with respect to time, Pdc is a multiplier whichṙT

represents an effective stress corresponding to the change of the theoretical density.
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The kinetic equation for shrinkage has the following form:

˙ ˙u rTes y (129)
1yu r T

where is the porosity change rate.u̇

The main problem is to determine the value of Pdc which can depend on porosity.
The following expression is derived by Olevsky et al. [137] for linear-viscous porous material:

˙4 r wTP s h (130)dc 03 r 2T 1q (w/c)
3

In view of Eq. (14), Eq. (130) can be written:

˙4 rT 3P s h (1yu) (131)dc 03 r T

8.2. The influence of a difference of the intrinsic heterodiffusion coefficients (Kirkendall effect)

Due to the inequality of the intrinsic heterodiffusion coefficients, the ‘osmotic’ swelling pressure
Phd appears in a powder product [19]. This pressure causes some volume deformation. An influence
of this osmotic pressure is taken into consideration by an additional item in the equation of the
dissipative balance:

˙ ˙r rT TDsD qP eqP qP (132)0 L dc hd
r rT T

The problem is to find the dependence of Phd of the difference between the intrinsic diffusion
coefficients and the degree of homogenization. Qualitatively, it is clear that Phd should decrease as the
homogenization proceeds. Besides, Phd is a macroscopic value which should depend on porosity.

In accordance with Ref. [19], Phd is caused by the inequality of diffusion fluxes in a powder
particle volume, which are connected with the pressure of excess vacancies. Phd can be evaluated upon
the basis of the expression:

max2Dcy3 2P skTd ND yD N(1yu) (133)hd A B2/3D us

where k is the Boltzman constant; T is the temperature, 8K; d—a microstructure size parameter (e.g.,
grain size); cv—the actual concentration of vacancies; c0—its equilibrium value, DA and DB are the
intrinsic diffusion coefficients for two diffusing substances A and B respectively; Dcmax—themaximum
concentration difference, Ds is the coefficient of self-diffusion.

The results of Sections 8.1 and 8.2 enable the representation of the rheological relationships for
sintering, taking into consideration the volume effect of phase transformations:

B Es(W) 1
s s cy w ed qwe q(P yP yP )d (134)C Fij ij ij L dc hd ijW 3≥ ¥D G

In the case of linear-viscous properties of the matrix phase, in view of the formulae (Eqs. (62),
(131) and (133)), we have:
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Fig. 20. Possibilities of future development of the continuum theory of sintering.

B E1
s s2h cy w ed qweC Fij 0 ij ij3≥ ¥D G (135)

maxB E˙3a 4 r 2DcT2 3 y3 2q (1yu) y h (1yu) ykTd ND yD N(1yu) dC F0 A B ij2/3r 9 r D u0 T sD G

Eq. (135), combined with Eq. (129), represents a basis for solving problems of sintering for
certain powder systems incorporating phase transformations. An example of such a solution for
sintering of Al–Ni reactive powder mixture is obtained by Olevsky et al. [137].

9. Further development

Schematically, possibilities of future development of the continuum theory of sintering are shown
in Fig. 20.

It should be noted that, for most cases, modeling results represented in the review correspond to
sintering as to a process of the volume and the macroscopic shape deformation.

Microscopically, however, sintering results in a change of both the pore volume and the inter-
particle contact area. Considerable achievements in this direction belong to Svoboda and Riedel
[106,132], Svoboda et al. [107,143], Reidel et al. [108,127], Reidel and Svoboda [115]. Investi-
gations of this group of researchers are primarily based upon the consideration of diffusion mechanisms
of sintering. The extrapolation of these results into range of nonlinear constitutive properties (power-
law creep and plastic flow, in particular) can be of a great interest. Basically, this requires the
incorporation of an additional dependence of the free surface energy F (per unit mass of porous
medium) on specific surface area in definition (1). This direction includes also an analysis of grain
growth (Ostwald ripening effect) and its influence on the stability of sintering.

The results of the modeling of the influence of a porous structure topology (size distribution and
morphology) on sintering kinetics (see Section 6) are derived for the linear-viscous materialproperties.
The extension of this approach for nonlinear-viscous properties, using the results of the micro-mechan-
ical modeling at the unit-cell level (see, for example, publications of Budiansky et al. [147], Banks-
Sills and Budiansky [148], and Fleck and Hutchinson [150]) can be useful for the analysis of sintering
under pressure. Further generalization of pore morphology is of particular interest too.
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The generalization of the expression for the effective Laplace pressure including parameters of
microstructure and, possibly, the strain rate sensitivity of the porous body skeleton, is also one of
directions of further development.

The analysis of non-isothermal processing is poorly represented in continuum models of sintering.
This area can include modeling and optimization of the heating regime (in particular, problems of
rate-control sintering) as well as the prediction of the differential shrinkage due to a heterogeneity of
the temperature spatial distribution (for instance, for fast-firing processing).

The modeling of sintering incorporating phase transformations (chemical reactions) has assumed
a significance in the light of the developing technologies for the production of intermetallic and cermet
materials.

Some first steps in this direction which have been made by Olevsky et al. [137,287] are repre-
sented in Section 8. Here the change of the theoretical density caused by diffusion and the Kirkendall
effect influencing the shrinkage are taken into consideration. A development of this approach for a
nonlinear constitutive behavior should include modifications of the dissipative balance equations (see
Eqs. (3)–(9)). This direction is closely connected with modeling of liquid-phase sintering.

Presently, most of the model approaches and corresponding computer program codes (in partic-
ular, finite-element ones) are oriented to the calculation of configurational changes and evolution of
the spatial density distribution during sintering. As has been stated above, this information is of great
importance for sintering practice. At the same time, one can formulate the purpose of most of sintering
processes in increase of the material strength. Therefore, modeling of the technological strength and
possibility of damage under sintering is a very important direction. A very limited number of models
developed in this area [66,285] include the heterogeneity of the structure (differential shrinkage of
matrix and inclusions, etc.) causing tensile stresses which, in turn, provide fracturing of the porous
material. However, models explaining the damage of mono-component materials and the related effects
of the localization of densification [22,27] are presently not available. In this connection, the necessity
of the stability analysis of the densification and the interparticle contacts development under sintering
should be noted.

The prospects for the development of the continuum theory of sintering can also be related to
novel heating techniques such as laser, induction, electric discharge and microwave sintering. The
influence of additional force fields should be taken into consideration.

In conclusion, it may be said that, being a new fast developing interdisciplinary approach, the
continuum theory of sintering offers considerable possibilities for progress in the area of mechanics
and materials.
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